Measurements of the Λ b → p −ν and Λ b → Λc −ν decay rates can be used to determine the magnitudes of the CKM matrix elements V ub and V cb , provided that the relevant hadronic form factors are known. Here we present a precise calculation of these form factors using lattice QCD with 2+1 flavors of dynamical domain-wall fermions. The b and c quarks are implemented with relativistic heavy-quark actions, allowing us to work directly at the physical heavy-quark masses. The lattice computation is performed for six different pion masses and two different lattice spacings, using gauge-field configurations generated by the RBC and UKQCD collaborations. The b → u and b → c currents are renormalized with a mostly nonperturbative method. We extrapolate the form factor results to the physical pion mass and the continuum limit, parametrizing the q 2 -dependence using z-expansions. The form factors are presented in such a way as to enable the correlated propagation of both statistical and systematic uncertainties into derived quantities such as differential decay rates and asymmetries. Using these form factors, we present predictions for the Λ b → p −ν and Λ b → Λc −ν differential and integrated decay rates. Combined with experimental data, our results enable determinations of |V ub |, |V cb |, and |V ub /V cb | with theory uncertainties of 5.0%, 2.2%, and 5.3%, respectively.
I. INTRODUCTION
To date, all direct determinations of the CKM matrix element magnitudes |V ub | and |V cb | were performed using measurements of B meson semileptonic or leptonic decays at e + e − colliders. For both |V ub | and |V cb |, there are tensions between the most precise extractions from exclusive and inclusive semileptonic B decays. The 2014 Review of Particle Physics lists [1] |V ub | excl. = (3. 
The exclusive results in Eq. (1) are from the decays B → π ν and B → D * ν (where = e, µ) and use hadronic form factors from lattice QCD [2, 3] . The discrepancy between the exclusive and inclusive results is a long-standing puzzle in flavor physics [4] [5] [6] , and right-handed currents beyond the Standard Model have been considered as a possible explanation [7] [8] [9] [10] . New lattice QCD calculations of the B → π form factors published recently yield somewhat higher values of |V ub | excl. = (3.72 ± 0.14) × 10 −3 [11] and |V ub | excl. = (3.61 ± 0.32) × 10 −3 [12] , but the latest analysis of B → D * ν using lattice QCD gives |V cb | excl. = (39.04 ± 0.75) [13] and slightly increases the exclusive-inclusive tension. Moreover, the current experimental results for the ratios of the B → D ( * ) τν and B → D ( * ) ν ( = e, µ) branching fractions differ from the Standard-Model expectation with a combined significance of 3.4σ [14] .
On the experimental front, new results are expected from the future Belle II detector at the SuperKEKB e + e µ , with the aim of determining |V ub /V cb | for the first time at a hadron collider. These decays were chosen over the more conventional B → πµν and B → Dµν decays because, with the LHCb detector, final states containing protons are easier to identify than final states with pions [15] . Note that the production rate of Λ b baryons at the LHC is remarkably high, equal to approximately 1/2 times the production rate ofB 0 mesons [16] . The extraction of |V ub | and |V cb | (or their ratio) from the measured Λ b → p µ −ν µ and Λ b → Λ c µ −ν µ branching fractions requires knowledge of the form factors describing the Λ b → p and Λ b → Λ c matrix elements of the relevant b → u and b → c currents in the weak effective Hamiltonian. These form factors have been studied using sum rules and quark models [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Nonperturbative QCD calculations of the Λ b → p and Λ b → Λ c form factors can be performed using lattice gauge theory. The first lattice QCD calculation of Λ b → p form factors, published in Ref. [29] , employed static b quarks (i.e., leading-order heavy-quark effective theory) to simplify the analysis. The static limit reduces the number of independent Λ b → p form factors to two [30] [31] [32] , but introduces systematic uncertainties of order Λ QCD /m b and |p |/m b in the Λ b → p µ −ν µ differential decay rate (where p is the momentum of the proton in the Λ b rest frame). Here we present a new lattice calculation which improves upon Ref. [29] by replacing the static b quarks by relativistic b quarks, eliminating this systematic uncertainty. In addition to the six form factors describing the hadronic part of the decay Λ b → p µ −ν µ in fully relativistic QCD, we also compute the six analogous form factors for Λ b → Λ c µ −ν µ (note that early lattice studies of Λ b → Λ c form factors in the quenched approximation can be found in Refs. [33, 34] ). Preliminary results from the present work were shown in Ref. [35] .
In Sec. II we provide the definitions of the form factors employed here. The lattice actions and parameters, as well as the matching of the b → u and b → c currents from the lattice renormalization scheme to the continuum MS scheme are discussed in Sec. III. This calculation is based on the same lattice gauge-field ensembles as Ref. [29] ; the ensembles include 2+1 flavor of dynamical domain-wall fermions and were generated by the RBC and UKQCD Collaborations [36] . Section IV explains our method for extracting the form factors from ratios of three-point and two-point correlation functions and removing excited-state contamination by extrapolating to infinite source-sink separation. Our fits of the quark-mass, lattice-spacing, and momentum-dependence of the form factors are discussed in Sec. V. The form factors in the physical limit are presented in terms of z-expansion [37] parameters and their correlation matrices. Two different sets of parameters, referred to as the "nominal parameters" and the "higher-order parameters" are given. The nominal parameters are used to obtain the central values and statistical uncertainties of the form factors (and of derived quantities), while the higher-order parameters are used to calculate systematic uncertainties. In Sec. VI we then present predictions for the Λ b → p −ν and Λ b → Λ c −ν differential and integrated decay rates using our form factors. Combined with experimental data, our results for the Λ b → p µν µ and Λ b → Λ c µν µ decay rates in the high-q 2 region will allow determinations of |V ub | and |V cb | with theory uncertainties of 5.0% and 2.2%, respectively.
II. DEFINITIONS OF THE FORM FACTORS
Allowing for possible right-handed currents beyond the Standard Model, the effective weak Hamiltonian for b → q −ν transitions (where q = u, c) can be written as
(in the Standard Model, R q = 0 and V L qb = V qb ). To calculate the differential decay rate and other observables, we therefore need the hadronic matrix elements of the vector and axial vector currents,qγ µ b andqγ µ γ 5 b. In the following, we denote the final-state baryon by X (X = p, Λ c ). Lorentz and discrete symmetries imply that the matrix elements X|q γ µ b|Λ b and X|q γ µ γ 5 b|Λ b can each be decomposed into three form factors. In this work we primarily use a helicity-based definition of the Λ b → X form factors, which was introduced in Ref. [38] and is given by
In these expressions, q = p − p is the four-momentum transfer (whereasq is theū orc quark field), and s ± is defined as
The form factors with subscripts 0, +, ⊥ describe the contractions of the above matrix elements with virtual polarization vectors * µ that are, respectively, time-like, longitudinal, and transverse to q µ . Consequently, this choice of form factors leads to particularly simple expressions for observables such as the differential decay rate. Moreover, this choice simplifies the extraction of the form factors from correlation functions and clarifies the spin-parity quantum numbers of poles outside the physical kinematic region 0 ≤ q 2 ≤ (m Λ b − m X ) 2 . An alternate definition of the form factors that can be found in the literature (see, e.g., Ref. [27] ) is the following:
where
and, as before, q = p − p . This choice decomposes the matrix elements into form factors of the first and second class according to Weinberg's classification [39] . The second-class form factors f [40] . In the following, we will refer to the form factors defined in Eqs. (6) , (7) as "Weinberg form factors". The helicity form factors are related to the Weinberg form factors as follows:
These relations also demonstrate the following endpoint constraints for the helicity form factors:
At intermediate stages of our analysis of the lattice QCD data, it is beneficial to work with both definitions of the form factors. However, we perform the chiral/continuum/kinematic extrapolations only in the helicity basis.
III. LATTICE ACTIONS AND CURRENTS
This calculation is based on lattice gauge field ensembles generated by the RBC and UKQCD collaborations [36] with the Iwasaki gauge action [41, 42] and 2+1 flavors of dynamical domain-wall fermions [43] [44] [45] . We implement the light (u or d) valence quarks with the same domain-wall action that was used in generating the ensembles. Our analysis uses six different combinations of light-quark masses and lattice spacings as shown in Table I . These parameters are identical to those used in the earlier calculation of Λ b → p ν form factors in Ref. [29] . However, instead of the static Eichten-Hill action [46] employed in Ref. [29] , we now use anisotropic clover actions for the heavy (c and b) quarks [47] [48] [49] [50] . These actions have the form
where Q is the lattice charm or bottom quark field, ∇ µ and ∇
µ are first-and second-order covariant lattice derivatives, and F µν is a lattice expression for the field-strength tensor (all of which are defined as in Ref. [51] ). By suitably tuning [36] and light-quark propagators [29, 53] . The three groups of data sets {C14, C24, C54}, {F23, F43}, and {F63} correspond to three different ensembles of lattice gauge fields: one with a "coarse" lattice spacing a ≈ 0.11 fm, and two with "fine" lattice spacings a ≈ 0.085 fm (we use the lattice spacing values determined in Ref. [54] the parameters ν, c E , c B as functions of am Q , heavy-quark discretization errors proportional to powers of am Q can be removed to all orders. The remaining discretization errors are of order a 2 |p| 2 , where |p| is the typical magnitude of the spatial momentum of the heavy quark inside the hadron. As the continuum limit a → 0 is approached, the values ν = 1 and c E = c B = c SW corresponding to the standard clover-improved Wilson action are recovered. For the bottom quark, we use the parameters that were tuned nonperturbatively by the RBC and UKQCD collaborations [51] using the condition that the action reproduces the correct spin-averaged B s meson mass and relativistic dispersion relation, as well as the correct B * s − B s hyperfine splitting. For the charm quarks, we use the parameters from Ref. [52] , where am Q and ν were tuned nonperturbatively to obtain the correct spin-averaged charmonium mass and relativistic dispersion relation, while c E and c B were set to mean-field improved tree-level predictions. Note that after the parameters were tuned in this way, the calculated charmonium hyperfine splittings were also in agreement with experiment [52] . The values of all heavy-quark action parameters used here are given in Table II. We use a mostly nonperturbative method [55, 56] to match the b → q (q = u, c) vector and axial vector currents from the lattice scheme to the continuum MS scheme. The renormalized currents in the MS scheme are written in terms of the lattice quark and gluon fields as
are the matching factors of the flavor-conserving temporal vector currentsqγ 0 q andbγ 0 b, which are computed nonperturbatively using charge conservation. These nonperturbative factors provide the bulk of the renormalization, resulting in a much improved convergence of perturbation theory for the residual matching factors ρ Vµ,Aµ . Above, i denotes the spatial components (i = 1, 2, 3), and the repeated index j is summed from 1 to 3. The lattice currents containing the lattice derivatives Vµ,Aµ to one loop in mean-field improved lattice perturbation theory using the automated framework PhySyHCAl [57, 58] . The results are given in Table III . The central values are the average of plaquette and Landau-gauge meanfield improved results with perturbative expansion in α MS (µ = a −1 ) [51] . The uncertainties are the maximum of i) the difference of the respective mean-field improved results, ii) the numerical integration error, and iii) a powercounting estimate. For consistency with earlier stages of this project a different power-counting estimate is used for the b → u and b → c cases. For a perturbative quantity h with tree-level result h (0) and full one-loop result
The nonperturbative matching factors Z were computed by the RBC and UKQCD collaborations [36, 59] . We determined the charm-quark Z (cc) V using the method of Ref. [59] , by computing the following ratio of D s meson correlation functions without and with insertion of the current J 0 =cγ 0 c:
Here, we used the following interpolating field with the quantum numbers of the D s meson,
where the tilde indicates gauge-covariant Gaussian smearing to suppress excited-state contamination. For large Euclidean time separations t, t , and |t − t |, the ratio (24) becomes equal to Z t /a V , are shown in Fig. 1 for the ensembles used in this calculation.
IV. EXTRACTION OF THE FORM FACTORS FROM CORRELATION FUNCTIONS
In this section we explain how we extract the form factors at the different lattice spacings and quark masses from nonperturbative Euclidean correlation functions. The extrapolations of these results to the physical limit will be discussed in Sec. V.
We use the following interpolating fields for the Λ b , Λ c , and the proton,
where C is the charge-conjugation matrix, a, b, c are color indices, and α, β, γ are spinor indices (the symbol N is used for the proton to avoid confusion with the Λ b -momentum p). The tilde on the quark fields indicates gauge-covariant Gaussian smearing. For the u and d quarks, the smearing parameters are the same as in Ref. [60] . In the notation of Ref. [60] , for the charm quarks we used (σ, n S ) = (3.0, 70) at the coarse lattice spacing and (σ, n S ) = (4.0, 70) at the fine lattice spacing, and for the bottom quarks (σ, n S ) = (2.0, 10) at the coarse lattice spacing and (σ, n S ) = (2.67, 10) at the fine lattice spacing. The smearing of both the charm and bottom quark fields was done using Stout-smeared gauge links [61] with ten iterations and staple weight ρ = 0.08 in the spatial directions.
In the following, we denote the final-state interpolating field by X α (= N α , Λ cα ) and the renormalized currents as J Γ , where
with V µ and A µ given by Eqs. (18) (19) (20) (21) . We set the Λ b three-momentum p to zero, and compute "forward" and , and c quark propagators are common to the forward and backward three-point functions and have a Gaussian-smeared source at (x0, x). We sum over the spatial points x and y with the appropriate phases to project to definite momenta. The b-quark propagators are computed using the sequential source method, with sequential sources on the time slices x0 ± t.
"backward" three-point functions (where t ≥ t ≥ 0),
as well as the two-point functions
These definitions are similar to those in the static b-quark case [29, 53] , but with the relativistic heavy-quark action used here, the b quark can propagate in all directions, and we included additional sums over the spatial coordinates for the momentum projections. The quark-field contractions for the three-point functions are illustrated in Fig. 2 . Only the b-quark sequential propagators need to be recomputed for each source-sink separation, t. For the proton final state, 16 times as many sequential propagators are needed as for the Λ c final state because of the different structure of diquark contractions. The b-quark propagators decay extremely fast with distance, and care has to be taken to perform sufficiently many conjugate-gradient iterations to get an accurate solution up to the distance needed. We computed the three-point functions for all final-state momenta p with |p | 2 ≤ 12 (2π/L) 2 , and for the ranges of source-sink separations shown in Table V . In a first run we computed the three-point functions for all possible values of t/a in the wide ranges shown in the left column of Table V, but only for the lattice currents of the formqΓb and
In a second run, we then computed the three-point functions for all of the remaining O(a)-improvement currents shown in Eqs. (18) (19) (20) (21) , but only for the subsets of separations in the right column of Table V to save computer time and disk space. For one of the data sets (C14), we performed the calculation of all the currents for the whole range of source-sink separations. As shown in Fig. 4 , the effects of the additional O(a) improvements are small. Our method for effectively including these corrections for all source-sink separations will be explained further below.
To discuss the spectral decomposition of the correlation functions, we introduce the overlap factors
The two separate Z factors for each matrix element are needed because the spatial-only smearing of the quark fields in the interpolating field breaks hypercubic symmetry [33] . Because we set p = 0, we can write Fig. 4 , the effects of the missing terms are very small and practically independent of the source-sink separation, and we achieve full O(a)-improvement for all separations by applying t-independent correction factors computed using the subsets of separations were all O(a)-corrections are available.
. Further, we introduce the following short-hand notation for the form factor decomposition of the matrix elements (cf. Sec. II):
The spectral decompositions of the correlation functions then read
† γ 0 , and all correlators are 4 × 4 matrices in spinor space. In the above expressions, we have explicitly shown only the ground-state contributions, which correspond to the positive-parity baryons of interest. The excited-state contributions decay exponentially faster with the time separations t , t.
To extract individual form factors, we contract the currents in the three-point functions with suitable polarization vectors and form certain double ratios that eliminate all the time-dependence and overlap factors for the ground-state contributions. For an arbitrary four-vector n, we define
where q = p − p is the four-momentum transfer. By construction, r[n] is orthogonal to q. For the vector current, we define the three ratios where e j is the three-dimensional unit vector in j-direction, and × is the three-dimensional vector cross product. We sum over repeated indices µ, ν from 0 to 3 and over repeated indices j, k from 1 to 3. The quantities C (2,Λ b ,av) and C (2,X,av) in the denominators are the averages of the forward-and backward two-point functions.
These ratios are designed to isolate particular helicity form factors and are equal to
Sample numerical results for R 
where we evaluate the ratios R at t = t/2 to minimize excited-state contamination at a given value of the source-sink separation t (if t/a is odd, we average R over t = (t + a)/2 and t = (t − a)/2 instead). The notation with the absolute value indicates that we average over the directions of p . Equations (52-54) yield
where the excited-state contributions decay exponentially with t. We checked that the helicity form factors (plus the corresponding excited-state contributions, for the separations we utilize) are all positive by analyzing individual threepoint functions, so that the square roots in Eqs. (52) (53) (54) give the correct signs. Although not explicitly annotated, the form factors in all of the above expressions depend on |p | and on the lattice parameters. For the axial-vector current, we define R (46), (47), (48) and their axial-vector counterparts, at |p | 2 = 3(2π/L) 2 , plotted for three different source-sink separations t. The data shown here are from the C24 data set.
When evaluating the ratios, we take the baryon masses in lattice units, am Λ b , am Λc , and am N , from exponential fits to the zero-momentum two-point functions for each data set; see Table VI . We then compute the energies aE Λc (p ), and aE N (p ) from these masses using the relativistic continuum dispersion relation, and we also compute a 2 q 2 from these masses and energies. Because the form factors are dimensionless, the values of the lattice spacing are not needed at this stage. The ratios are evaluated using statistical bootstrap, and we use corresponding bootstrap samples for the masses to take into account all correlations.
As mentioned earlier, except in the case of the C14 data set, we have "full-O(a) improvement" ("FI") data only for three source-sink separations in each data set, but we have data with "partial O(a)-improvement" ("PI") for all source-sink separations in the ranges shown in Table V . To account for this, we computed the ratios
where 
Ratios of the "fully O(a)-improved" ("FI") and "partially O(a)-improved" ("PI") data for R f (t) for the six different helicity form factors, at |p | 2 = 3(2π/L) 2 , from the C14 data set. The partially improved data only include the currentsqΓγj − → ∇jb for the O(a)-improvement, whereq =ū,c. For Λ b → p, these are the only currents needed at tree level and the ratio is very close to 1. For Λ b → Λc, the ratio deviates from 1 significantly more, because the currentsc ← − ∇jγjΓb are missing the partially improved data, but are needed already at tree level in this case. The range of source-sink separations shown for Λ b → p is smaller because the statistical fluctuations in the correlators were too large to reliably compute the individual quantities R f (t) for t > 1.0 fm in this case. (Fig. 4 right) , the correction is as large as 2% for some of the form factors, but is independent of the source-sink separation to a high degree (even though R
individually have a strong t-dependence). The same behavior is found at other values of the momentum. In the case of Λ b → p (Fig. 4 left) , the correction shows a more significant dependence on the source-sink separation, but is smaller than 0.3% for all form factors. For the data sets other than C14 we therefore performed constant fits to the ratios (61) as a function of t, individually for each form factor f , each momentum |p |, and each data set. If these fits had a poor χ 2 /dof, we excluded the shortest or the two shortest separations. In this way, we obtained correction factors, which we then applied to R (PI) f (|p |, t) at all separations, to effectively obtain R (FI) f (|p |, t) at all separations. This procedure is accurate to better than permille level. In the following, all ratios R f (|p |, t) are understood to be corrected using this procedure for all source-sink separations.
For the further data analysis, we then also formed the linear combinations
which, according to the relations in Eqs. (8)- (13), become equal to the Weinberg form factors at large t. To extract the ground-state form factors from R f (|p |, t) (for both the helicity and Weinberg form factors), we performed correlated fits of the t-dependence including exponential correction terms to account for the leading excited-state contributions, thereby extrapolating R f (|p |, t) to t = ∞. To discuss these extrapolations in more detail, it is convenient to denote the data for R f (|p |, t) by
A 3 labels the form factors, i = C14, C24, C54, F23, F43, F63 labels the data set (cf. Table I), and n labels the final-state momentum via |p | 2 = n (2π) 2 /L 2 . We performed the fits using t (fm)
Extrapolations of R f (|p |, t) to infinite source-sink separation. The data shown here are at momentum |p | 2 = 3(2π/L) 2 , and are from the C24 data set. For each momentum, all vector (or axial vector) form factors from all data sets are fitted simultaneously as explained in the main text. the functions
with parameters f i,n , A f,i,n , and l f,i,n , where f i,n are the form factors we aim to extract. By writing the energy-gaps δ f,i,n in the above form, we impose the constraint δ f,i,n > δ min . We chose δ min = 170 MeV, which is smaller than any expected energy gap (given our prior knowledge of the hadron spectrum at our values of the pion masses). This constraint has negligible effect in most cases, but prevents numerical instabilities for some form factors at certain momenta where the data show no discernible excited-state contamination.
At each momentum n, we perform one coupled fit to all the data for the vector-current form factors (
) and another coupled fit to all the data for the axial-vector-current form factors (g + , g ⊥ , g 0 , f
This allows us to implement two additional constraints to stabilize the fits, based on the following knowledge:
• Because the lattice size, L (in physical units), is equal within uncertainties for all data sets (L ≈ 2.7 fm), the squared momentum |p | 2 = n (2π/L) 2 for a given n is also equal within uncertainties for all data sets. This means that the energy levels, and hence the parameters l f,i,n , are expected to be approximately equal across all data sets i, up to some dependence on the pion mass and the lattice spacing.
• By construction, the data R f,i,n (t) for the helicity and Weinberg form factors exactly satisfy the defining relations (62)- (62) at each value of the source-sink separation. The extracted ground-state form factors f i,n should also satisfy these relations.
For the coupled fit to all vector form factor data at a given momentum n, we therefore add the following terms, corresponding to Gaussian priors, to the χ 2 function:
where σ a = 0.1 and
with w m = 4 GeV −2 . With these widths, the first two lines in Eq. (70) implement the constraint that the energy gaps (δ f,i,n − δ min ) at given momentum n should not change by more than 10% when going from the fine to the coarse lattice spacing and not more than 400% times the change in m 2 π (in GeV 2 ); both are reasonable assumptions given the prior experience with hadron spectroscopy in lattice QCD. Note that absolute variations of l f,i,n translate to relative variations of (δ f,i,n − δ min ) because d[exp(l f,i,n )]/ exp(l f,i,n ) = dl f,i,n . The last three lines in Eq. (70) enforce the relations (62)- (64) between the ground-state vector form factors in the helicity and Weinberg definitions (we set σ f = 10 −4 ). For the fit to the axial vector form factor data, analogous terms are added to χ 2 A,n . We initially included all available values of t in the fits, and then removed data points for each form factor at the smallest t until the fits had good quality as determined by the correlated χ 2 /dof. To estimate the remaining systematic uncertainties associated with higher excited states, we then further removed the next-lowest values of t simultaneously for all R f,i,n and computed the resulting shifts in f i,n . We then took the larger of the following two as our estimate of the excited-state systematic uncertainty: i) the shift in f i,n at the given momentum n, and ii) the average of the shifts f i,n over all momenta n. We added these excited-state uncertainties in quadrature to the statistical uncertainties in f i,n . All result for f i,n are listed in Appendix A. As can be seen in Tables XIII and XV, the results for the second-class form factor f The last step in the data analysis is to perform fits of form factor results {f i,n } using suitable functions describing the dependence on the momentum transfer, the dependence on the up and down quark masses (or equivalently the pion mass), and the dependence on the lattice spacing. We perform global fits of the helicity form factors based on the simplified z-expansion [37] , modified to account for pion-mass and lattice-spacing dependence. The expansion parameter z is defined as
where we chose t 0 so that the point z = 0 corresponds to q 2 = q 2 max (i.e. p = 0 in the Λ b rest frame). After factoring out a leading pole contribution, the form factors are expanded in a power series in z. We find that our lattice data can be described well by keeping only the zeroth and first order in z. As explained further below, we also perform higher-order fits to estimate systematic uncertainties. Our nominal (as opposed to higher-order) fits are of the form
with fit parameters a
Here, m π are the valence pion masses of each data set (see Table I ), and m π,phys = 134.8 MeV is the physical pion mass in the isospin limit. As discussed in Ref. [29] , chiral-perturbationtheory predictions for the pion-mass dependence of the form factors considered here are unavailable and would be of limited use because of the large momentum scales in these matrix elements, and because of the large number of low-energy constants. In Eq. f and d f describe the momentum-dependent and momentum-independent parts of the lattice discretization errors. We use the individual lattice QCD results for the baryon masses from each dataset (see Table VI ) to evaluate a 2 q 2 and z. We set the pole masses equal to
where am PS is the pseudoscalar B u or B c mass (in lattice units) computed individually for each data set (and also listed in Table VI) , and ∆ f is the mass splitting (in GeV) between the meson with the relevant quantum numbers and the pseudoscalar B u (for Λ b → p) or B c (for Λ b → Λ c ). We use fixed values of ∆ f for all data sets, based on experimental data (where available) [1] and averages of our lattice QCD results over the different data sets. These values are given in Table VII. The pole factor is then written as
so that the explicit value of the lattice spacing is needed only for the term a∆ f . Note that when the input values of ∆ f are varied, the shape parameters a f 0 and a f 1 returned from the fit change in such a way as to largely cancel the effect of this variation on the form factors (varying ∆ f by 10% changes the form factors themselves by less than 1%). We implement the constraint g ⊥ (q for these two form factors. We impose the constraints f 0 (0) = f + (0) and g 0 (0) = g + (0) [Eqs. (14) and (15)] using Gaussian priors with widths equal to z(0) 2 , to allow for missing higher-order terms in z. For Λ b → p, we performed one global fit to all helicity form factors, taking into account the correlations between different form factors, different momenta, and different data sets. For Λ b → Λ c , such a global fit showed indications of problems associated with a poorly conditioned data covariance matrix, and we additionally performed fits of the subsets {f + , f 0 }, {f ⊥ }, {g + , g ⊥ , g 0 } to reduce the sizes of the data covariance matrices. We then took the central values and covariances of the form factor parameters within each subset from these subset fits, and only used the global fit to estimate the Masses of the relevant form factor poles in the physical limit, and mass differences relative to the pseudoscalar mass (all in GeV). Table IX for the correlation matrices.
cross-covariances between the parameters in different subsets. Such a hybrid approach may lead to small violations of positive-semidefiniteness of the overall covariance matrix, as was indeed observed here. We therefore multiplied the cross-covariances between the parameters from different Λ b → Λ c form factor subsets by a factor of (1 − λ) with λ > 0, chosing the smallest value of λ that renders the total covariance matrix positive definite (in this case, λ = 0.11). We stress that this regulating procedure has a negligible effect on the uncertainty of the differential decay rate and was performed only for mathematical consistency. In particular, all digits shown for the uncertainties in Eqs. (87) and (88) stay the same when the factor of (1 − λ) is removed. The physical limit is given by a → 0 and m π → m π,phys , and correspondingly Eq. (75) reduces to the simple form
where q 2 should be evaluated using the experimental values of the baryon masses, and the pole masses m Table VIII , and the correlation matrices are given in Table IX . The parameter covariances cov(p, q) can be obtained from the correlations corr(p, q) and uncertainties σ p , σ q using cov(p, q) = σ p σ q corr(p, q); the central values and covariance matrices of the fit parameters are also provided as ancillary files with the arXiv submission of this article. Plots of the lattice data along with the physical-limit fit curves are shown in Figs. 6, 7, 8, and 9.
To estimate the systematic uncertainties caused by our assumptions on the lattice-spacing, quark-mass, and q 2 -dependence, we also perform fits that include additional higher-order terms, employing the form
This allows for higher-order variation in the lattice spacing, quark masses, and momentum dependence. The data themselves do not determine this more complex form sufficiently well, so we constrain the higher-order coefficients c
f to be natural-sized using Gaussian priors with central value 0 and width 10. We constrain the second-order z-expansion coefficients a f 2 using Gaussian priors with central values 0 and widths given by approximately twice the magnitude of the previous (nominal) fit results for a f 1 . Given that this fit is quadratic in z, we now impose the kinematic constraints (14) and (15) at q 2 = 0 up to a width of z(0) 3 . In the higher-order fit, we use bootstrap data for the correlator ratios in which the matching-and O(a)-improvement coefficients were drawn from Gaussian random distributions with central values and widths according to Table III . Thus, the higher-order fit results also include the perturbation-theory systematic uncertainty. In the physical limit, the higher-order fit functions reduce to
The systematic uncertainties associated with the finite lattice volume cannot easily be estimated from our fits, because all of our data sets have approximately the same lattice size, L ≈ 2.7 fm. Finite-volume effects have been calculated using chiral perturbation theory for the nucleon magnetic moment [62] and axial charge [63] , and, specifically for the ensembles used herein, for the heavy-baryon axial couplings [60, 64] . Based on this experience, we estimate that the finite-volume systematic uncertainties in our results are 3% for the Λ b → p form factors, and 1. Tables X and XI , and are also included as ancillary files with the arXiv submission.
The recommended procedure for computing the central value, statistical uncertainty, and total systematic uncertainty of a general observable depending on the form factor parameters (for example, a differential decay rate at a particular value of q 2 , or an integrated decay rate, or a ratio of decay rates) is the following: 
3. The final result for the observable is then given by
In other words, the central value and statistical uncertainty are obtained from the nominal fit, and the systematic uncertainty is given by the larger of the following two quantities: i) the shift in the central value between the nominal fit and the higher-order fit, and ii) the increase in the uncertainty (computed in quadrature as shown above) from the nominal fit to the higher-order fit. The statistical and systematic uncertainties in Eq. (83) should be added in quadrature. By construction, the above procedure gives the combined systematic uncertainty associated with the continuum extrapolation, chiral extrapolation, z expansion, perturbative matching, finite volume, and missing isospin symmetry breaking/QED. Plots of the form factors including the systematic uncertainties, computed as explained above, are shown in Figs. 10 and 12. The relative systematic uncertainties in the form factors are shown in Figs. 11 and 13 . In addition to the combined systematic uncertainty (thick black curves), these figures also show the individual sources of uncertainty. The individual systematic uncertainties other than those from the finite-volume and missing isospin symmetry breaking were estimated using additional fits as follows:
• continuum extrapolation uncertainty: only the higher-order terms with coefficientsb f ,d f , j f , k f were added to Eq. (75).
• chiral extrapolation uncertainty: only the higher-order terms with coefficientsc • z expansion uncertainty: only the higher-order term a f 2 z 2 (q 2 ) was added to Eq. (75).
• matching & improvement uncertainty: no higher-order terms were added to Eq. (75), but the the matching-and O(a)-improvement coefficients were drawn from Gaussian random distributions with central values and widths according to Table III when computing the correlator ratios using bootstrap.
Figures 11 and 13 show that near q 2 = q 2 max , the finite-volume and chiral-extrapolation uncertainties are the largest, but as the momentum |p | increases (corresponding to decreasing q 2 ), the continuum extrapolation uncertainty grows and becomes dominant. Note, however, that this uncertainty should not be interpreted as the size of lattice discretization errors; the reason for the large continuum extrapolation uncertainty is primarily that we have only two lattice spacings and our data do not tightly constrain all of the extrapolation coefficients. Table XI for the correlation matrices. 
VI. PREDICTIONS FOR THE
In this section, we present predictions for the Λ b → p −ν and Λ b → Λ c −ν differential and integrated decay rates using our form factor results. Including possible right-handed currents with real-valued R q , the effective Hamiltonian in Eq. (2) leads to the following expression for the differential decay rate in terms of the helicity form factors,
where, as before, X = p, Λ c denotes the final-state baryon, and
Expressions for the individual helicity amplitudes and the angular distributions can be found in Refs. [27, 28, 65] . By combining experimental data with our form factor results, novel constraints in the (V (83); all baryon and lepton masses were taken from Ref. [1] . Our results are most precise in the high-q 2 region, where the form factor shapes are most tightly constrained by the lattice QCD data. We obtain the following partially integrated decay rates
and their ratio
where the first uncertainty is statistical and the second uncertainty is systematic. Together with experimental data, Eqs. (86), (87), and (88) will allow determinations of |V ub |, |V cb |, and |V ub /V cb | with theory uncertainties of 5.0%, 2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are
Motivated by the R(D ( * ) ) puzzle [14] , we also provide predictions for the following ratios:
QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here. 
VII. SUMMARY
We have presented a high-precision lattice QCD calculation of the complete set of relativistic form factors describing the Λ b → p and Λ b → Λ c matrix elements of the vector and axial vector b → u and b → c currents. The form factors and their uncertainties in the physical limit are shown in Figs. 10 and 12. Any observable depending on the form factors can be calculated using Eq. (83), which is based on two different sets of form factor parameters. The "nominal" form factors are used to calculate the central value and statistical uncertainty of the observable, and are given by the functions (78) with parameters and correlation matrices from Tables VIII and IX, together with the  pole masses from Table VII . The "higher order" form factors are additionally needed to calculate the systematic uncertainty of the observable, and are given by Eq. (80) with the parameters from Tables X and XI. The higher-order fit was performed in such a way that the systematic uncertainty obtained from Eq. (83) includes the continuum extrapolation uncertainty, the chiral extrapolation uncertainty, the kinematic (q 2 ) extrapolation uncertainty, the perturbative matching/improvement uncertainty, the uncertainty due to the finite lattice volume, and the uncertainty from the missing isospin breaking effects. The individual contributions to the systematic uncertainties in the form factors are shown in Figs (1)]. Compared to Ref. [29] , we have reduced the uncertainty in the Λ b → p −ν decay rate at high q 2 by a factor of 3. This reduction in uncertainty mainly resulted from the elimination of the static approximation for the b quark. Combined with experimental data, our form factor results will also provide novel constraints on right-handed couplings beyond the Standard Model [7] [8] [9] [10] . The constraints from the baryonic decays nicely complement existing constraints from mesonic decays due to the unique dependence of the baryonic decays on R . Using our Λ b → Λ c form factors, very precise predictions can also be made for the decay Λ b → Λ c τ −ν τ , which may provide new insights into the R(D ( * ) ) puzzle [28, 65] .
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where the first uncertainty is statistical and the second uncertainty is systematic. Combined with our lattice QCD result in Eq. (88), this gives [67, 68] |V ub | |V cb | = 0.083 ± 0.004(expt) ± 0.004(lattice),
and, taking the value of |V cb | extracted from exclusive B decays [67, 68] ,
Appendix A: Tables of lattice form factor data 
